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The following is a particular case of a theorem of Delsarte: the weight distribution of a
translate of an MDS code is uniguely determined by its first n—& terms. Here an explicit formula
is derived from a completely different approach.

1. Preliminaries

Let F be a finite alphabet of cardinality g=2. Let n be a positive integer.
An MDS code C in I is a subset of F* that meets the Singleton bound d=n-—
—log, |C}+1, where d stands for the minimum Hamming distance of C, and |X]|
denotes the cardinality of any finite set X. The code is not assumed to be linear.
Everything done below applies equally to cosets of linear MDS codes, and the
results obtained in that case appear to be new.

Write k=log, |C|, P={1,2,...,n}. Then any k-subset I of P is a “set of
information positions”, i.e. given any family (x;);c; of elements of F, there exists
exactly one codeword ¢ with ¢;=x; whenever i€I. In [6] Chap. 8 and 10, {7] Chap. 8
or [9] Chap. 11, one can find more on linear or nonlinear MDS codes.

Choose for convenience a distinguished element 0 in F, and write 0 for any
family, with arbitrary indexing set, when its components are always 0. Of course,
one does not assume that 0 is a-codeword. The weight wr(x) of a word x¢F" is
the number of its nonzero components. Let B,, stand for the number of codewords
with a given weight w. Then it is clear from Delsarte’s famous paper “Four funda-
mental Parameters ...” [5] that the weight distribution (B,, B;, ..., B,) of an MDS
code is uniquely determined by its first n—k terms By, By, ...y By—i~1. The purpose
of this paper is to give an explicit formula. Delsarte’s approach is much more gen-
eral and has proved useful in actual computations. But our formula can hardly be
deduced from it. And Krawtchouk polynomials, so important in Delsarte’s proof,
are useless here. '
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2. The computation

When J is a subset of P, let C, stand for the set of codewords vanishing on
every position in J. If J={i} is a singleton, the shorthand notation C; is used.
A variation of the sieve formula will be applied to the C;. Remark that a codeword
has weight w if and only if there exist exactly n—w positions 7 such that ¢ belongs
to C;. Hence, using theorem A of [4] p. 27, one gets
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where S; stands for the sum of the cardinalities of the intersection of / C,, that is
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The problem is now to compute the S;. To that end remark that S, is the number of
pairs (J, C), where J is a l-subset of P and ¢ is a codeword vanishing everywhere on
J. From the information position property, it is easily seen that |C,;]=g*~! when

I=|J|=k. In that case S,=[’;] g*~!. When [=k, S, is computed by mean of
the beginning of the weight distribution of C. Fix a codeword ¢, of weight w (say).
Then the number of l-subsets J of P such that ¢ belongs to C; is clearly (n—l-w].

Hence
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3. Concluding remarks

An additional property of the above formulas may be of interest. Let us
say that a sum of the form

s= 3 (-1,
j=0

is alternating when the a; are nonnegative and s lies between two consecutive partial
sums, that is

(- l)',é. (~1)Ya; =0

whenever ¢ is an integer 0=¢=r. Then from the above result of combinatorial
theory, the last sum is alternating (and analoguous properties hold for the
other ones).

Prior work was mainly devoted to the case when 0 is a codeword. Suppose
this is the case. The above results seemed to have been proved first by Margui-
naud [8]. In {2] and [3] Chap. 2, the writer has studied the number of codewords
that are zero on a given set § of positions and are nonzero outside S. This number
was shown to depend only on |S|. This fact is implicitly proved in Berlekamp’s
book ([1] p. 431) for linear codes.
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